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Abstract
By using the Zubarev nonequilibrium statistical operator method, and the Liouville equation
with fractional derivatives, a generalized diffusion equation with fractional derivatives is obtained
within the Renyi statistics. Averaging in generalized diffusion coefficient is performed with a power
distribution with the Renyi parameter q.
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I. INTRODUCTION
The fractional derivatives and integrals [1] are widely used to study anomalous diffusion
in porous media [2–15], in disordered systems [16, 17], in plasma physics [18–23], in turbu-
lent [24–26], kinetic and reaction-diffusion processes [26–34], in quantum mechanics [35–39],
etc. [2, 40]
Experimental data on the different processes of anomalous diffusion show that not only
the law distribution, but also form of diffusion package is significantly different from the
normal diffusion [2, 17, 26, 40]. Approaches with variable diffusion coefficients [41], on the
basis of a degree correlation of fractional order [42], fractional derivatives [24–26], generalized
Fokker-Planck equation [6, 26, 43], generalization of statistical mechanics (extensive and non-
extensive) based on the Tsallis [44–46] and Renyj [44, 47] entropy, and others were developed
to describe the anomalous diffusion in different physical and chemical systems. Conducted
researches show that mathematical basis of anomalous diffusion is equation with fractional
derivatives [2, 26]. In particular, during the study of three-dimensional models of anomalous
diffusion [2, 40, 48], the basic equation of anomalous diffusion is derived from the general
principles of the stochastic theory of random processes based on the Chapman-Kolmogorov
integral equations for transition probability. Solutions of these equations form a new class
of distributions, called fractional stable distributions. These distributions are solutions of
partial differential equations of fractional order. These equations are generalization of usual
diffusion equation to the case of anomalous diffusion. A partial case of the fractional stable
distribution is the Gaussian distribution, which corresponds to the normal diffusion. It is
important to note that the equations for anomalous diffusion with fractional derivatives
contain diffusion coefficient, which is a constant in time and space. On the other hand, the
diffusion coefficients are related to time correlation functions (the Green-Kubo relations)
containing diffusion transfer mechanisms from the perspective of nonequilibrium statistical
mechanics.
Currently, together with the phenomenological approach for constructing of the
Fokker–Planck equation, the diffusion equation and its generalization — the Cattaneo
equation with fractional derivatives, there are two methods of constructing such equa-
tions, namely, (1) probabilistic method, based on the Chapman-Kolmogorov equation in
stochastic theory of random processes [2, 26, 49], and (2) statistical method, based on the
2
Liouville equation with fractional derivatives [50–63]. In particular, by using this method,
the BBGKY hierarchy equations with fractional derivatives [51, 52, 58], transport equa-
tion, diffusion equation, and the Heisenberg equation with fractional derivatives [54–56] are
obtained. This approach is formulated for non-Hamiltonian systems. If the Helmholtz con-
ditions for the coordinate and momentum derivatives are fulfilled, the Hamiltonian systems
with the time-reversible Liouville equation with fractional derivatives are obtained from
non-Hamiltonian systems. In Ref. [64], time-irreversible equations of motion of Hamilton
and Liouville for dynamic of classical particles in space with multifractal time are offered.
By using the definition of fractional derivative and the Riemann-Liouville integral, the time-
irreversible Liouville equation with fractional derivatives (where the time is given on mul-
tifractal sets with fractional dimensions) is obtained. In Refs. [65, 66], kinetic equation for
systems with fractal structure (in particular, for description of diffusion processes in space
of coordinates and momenta) is obtained within the Klimontovich approach. A similar ap-
proach for constructing of time fractional generalization for the Liouville equation and the
Zwanzig equation (within projection formalism) is proposed in Ref. [67].
In the present work, by using the Zubarev nonequilibrium statistical operator method [68–
71] and the maximum entropy principle for the Renyi entropies, we consider a way of ob-
taining generalized (non-Markovian) diffusion equation with fractional derivatives. Using
the Liouville equation with fractional derivatives proposed by Tarasov In Refs. [50–53] is an
important and fundamental step for obtaining this equation. In the second section, by using
the Zubarev nonequilibrium statistical operator method and the maximum entropy princi-
ple for the Renyi entropies, we found a solution of the Liouville equation with fractional
derivatives at a selected set of observed variables. In the third section, we chose nonequilib-
rium average values of particle density as a parameter of reduced description, and then we
received a generalized (non-Markovian) diffusion equation with fractional derivatives.
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II. LIOUVILLE EQUATION WITH FRACTIONAL DERIVATIVES FOR CLAS-
SICAL SYSTEM OF PARTICLES
We use the Liouville equation with fractional derivatives obtained by Tarasov in Refs. [50–
53] for non-equilibrium particle function ρ(xN ; t) of classical system:
∂
∂t
ρ(xN ; t) +
N∑
j=1
Dα~rj
(
ρ(xN ; t)~vj
)
+
N∑
j=1
Dα~pj
(
ρ(xN ; t)~Fj
)
= 0, (1)
where xN = x1, . . . , xN , xj = {~rj, ~pj} are the phase variables (coordinate and momentum)
of j-th particle, ~vj is the fields of velocity, ~Fj is the force field acting on j-th particle.
Dαxf(x) =
1
Γ(n− α)
∫ x
0
fn(z)
(x− z)α+1−n
dz (2)
is the Riemann-Liouville fractional derivative [1, 72], n − 1 < α < n, fn(z) = d
n
dzn
f(z). In
the general case we have
Dα~rj
(
ρ(xN ; t)~Fj
)
6= ρ(xN ; t)Dα~rj
~Fj + ~FjD
α
~rj
ρ(xN ; t).
If ~Fj does not depend on ~pj , and ~vj does not depend on ~rj, we get
∂
∂t
ρ(xN ; t) +
N∑
j=1
~vjD
α
~rj
ρ(xN ; t) +
N∑
j=1
~FjD
α
~pj
ρ(xN ; t) = 0,
~vj = D
α
~pj
H(~r, ~p), ~Fj = −D
α
~rj
H(~r, ~p),
where H(~r, ~p) is a Hamiltonian of system with fractional derivatives. We get the Liouville
equation in the form
∂
∂t
ρ(xN ; t) +
N∑
j=1
Dα~pjH(~r, ~p)D
α
~rj
ρ(xN ; t)−
N∑
j=1
Dα~rjH(~r, ~p)D
α
~pj
ρ(xN ; t) = 0, (3)
or
∂
∂t
ρ(xN ; t) + iLαρ(x
N ; t) = 0, (4)
where iLα is the Liouville operator with the fractional derivatives,
iLαρ(x
N ; t) =
(
N∑
j=1
Dα~pjH(~r, ~p)D
α
~rj
−
N∑
j=1
Dα~rjH(~r, ~p)D
α
~pj
)
ρ(xN ; t). (5)
A solution the Liouville equation (5) will be found with the Zubarev nonequilibrium
statistical operator method [68, 69]. After choosing parameters of the reduced description,
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taking into account projections we present the non-equilibrium particle function ρ
(
xN ; t
)
(as a solution of the Liouville equation) in general form
ρ(xN ; t) = ρrel
(
xN ; t
)
−
∫ t
−∞
eε(t
′
−t)T (t, t′)(1− Prel(t
′))iLαρrel(x
N ; t′)dt′, (6)
where T (t, t′) = exp+
(
−
∫ t
t′
(1− Prel(t
′))iLαdt
′
)
is the evolution operator containing the
projection, exp+ is ordered exponential, ε → +0 after taking the thermodynamic limit,
Prel(t
′) is the generalized Kawasaki-Gunton projection operator depended on a structure of
the relevant statistical operator (distribution function), ρrel(x
N ; t′). By using the Zubarev
nonequilibrium statistical operator method [68–70] and approach [71], ρrel
(
xN ; t′
)
will be
found from the extremum of the Renyi entropy at fixed values of observed values 〈Pˆn(x)〉
t
α,
taking into account the normalization condition 〈1〉tα,rel = 1, where the nonequilibrium
average values are found respectively [22, 23, 52, 53]
〈Pˆn(x)〉
t
α = Iˆ
α(1, . . . , N)Tˆ (1, . . . , N)Pˆnρ(x
N ; t). (7)
Iˆα(1, . . . , N) has the following form for a system of N particles
Iˆα(1, . . . , N) = Iˆα(1), . . . , Iˆα(N), Iˆα(j) = Iˆα(~rj)Iˆ
α(~pj)
and defines operation of integration
Iˆα(x)f(x) =
∫
∞
−∞
f(x)dµα(x), dµα(x) =
|x|α
Γ(α)
dx. (8)
The operator Tˆ (1, . . . , N) = Tˆ (1), . . . , Tˆ (N) defines the operation
Tˆ (xj)f(xj) =
1
2
(
f(. . . , x′j − xj , . . .) + f(. . . , x
′
j + xj , . . .)
)
.
Accordingly, the average value, calculated with the relevant distribution function, is defined
as
〈(. . .)〉tα,rel = Iˆ
α(1, . . . , N)Tˆ (1, . . . , N)(. . .)ρrel(x
N ; t).
According to [71], the relevant distribution function has the form
ρrel(t) =
1
ZR(t)
(
1−
q − 1
q
β
(
H −
∑
n
∫
dµα(x)Fn(x; t)δPˆn(x; t)
)) 1
q−1
, (9)
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where ZR(t) is the partition function of the Renyi distribution, which is determined from
the normalization condition and has the form
ZR(t) = Iˆ
α(1, . . . , N)Tˆ (1, . . . , N)
×
(
1−
q − 1
q
β
(
H −
∑
n
∫
dµα(x)Fn(x; t)δPˆn(x; t)
)) 1
q−1
. (10)
The parameters Fn(x; t) are determined from the self-consistency conditions
〈Pˆn(x)〉
t
α = 〈Pˆn(x)〉
t
α,rel. (11)
In the next section we will consider a specific example of diffusion processes in dense
gases and liquids.
III. GENERALIZED DIFFUSION EQUATION WITH FRACTIONAL DERIVA-
TIVES
The nonequilibrium particle number density n(~rα; t) = 〈nˆ(~r)〉
t
α (where n(~r) =
∑N
j=1 δ(~r−
~rj) is the microscopic particle number density) is the main parameter of the reduced de-
scription for describing diffusion processes in classical gases and liquids. For such choice of
parameter of the reduced description, the relevant distribution function has the form
ρrel(t) =
1
ZR(t)
(
1−
q − 1
q
β
(
H −
∫
dµα(~r)ν(~r; t)δnˆ(~rα; t)
)) 1
q−1
, (12)
where
ZR(t) = Iˆ
α(1, . . . , N)Tˆ (1, . . . , N)
(
1−
q − 1
q
β
(
H −
∫
dµα(~r)ν(~r; t)δnˆ(~rα; t)
)) 1
q−1
(13)
is the partition function of the relevant distribution function, β = 1
kBT
, kB is the Boltz-
mann constant, T is the equilibrium value of temperature, δnˆ(~rα; t) = nˆ(~r) − 〈nˆ(~r)〉
t
α is
the fluctuations of the density, and parameter ν(~r; t) is determined by the self-consistency
condition
〈nˆ(~r)〉tα = 〈nˆ(~r)〉
t
α,rel . (14)
It should be noted that the relevant distribution function (12) within the Renyi statistics
for q = 1 coincides with one within the Gibbs statistics [68]. The distribution (12) can be
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represented as
ρrel(t) =
1
ZR(t)
(
1−
q − 1
q
β
(
H −
∫
dµα(~r)ν
∗(~r; t)nˆ(~r)
)) 1
q−1
, (15)
where
ZR(t) = Iˆ
α(1, . . . , N)Tˆ (1, . . . , N)
(
1−
q − 1
q
β
(
H −
∫
dµα(~r)ν
∗(~r; t)nˆ(~r)
)) 1
q−1
, (16)
ν∗(~r; t) =
ν(~r; t)
1 +
q − 1
q
∫
dµα(~r)ν(~r; t) 〈nˆ(~r)〉
t
α
.
Substituting Eq. (15) in Eq. (6), we find the nonequilibrium statistical operator
ρ(t) = ρrel(t) +
∫ t
−∞
eε(t
′
−t)T (t, t′)
∫
dµα(~r
′)In(~r
′
α; t
′)ρrel(t)ν
∗(~r′; t)dt′, (17)
where
In(~rα; t) = (1− P (t))
1
q
ψ−1(t)iLαnˆ(~r) (18)
is the generalized flow,
ψ(t) = 1−
q − 1
q
β
(
H −
∫
dµα(~r)ν
∗(~r; t)nˆ(~r)
)
.
P (t) is the projection operator that has the following structure:
P (t) . . . =
∫
dµα(~r)
∫
dµα(~r
′) 〈. . . nˆ(~r)〉tα,rel [〈nˆ(~r)δ{[qψ(t)]
−1nˆ(~r′)}〉tα,rel]
−1δ{[qψ(t)]−1nˆ(~r′)},
where δ{A} = A− 〈A〉tα,rel.
By using the nonequilibrium statistical operator (17), we get the generalized diffusion
equation for the parameter of the reduced description
∂
∂t
〈nˆ(~r)〉tα =
∫
dµα(~r
′)
∫ t
−∞
eε(t
′
−t)φnn(~r, ~r
′; t, t′)βν∗(~r′; t′)dt′, (19)
where
ϕnn(~r, ~r
′; t, t′) = Iˆα(1, .., N)Tˆ (1, .., N)iLαnˆ(~r)T (t, t
′)In(~r
′
α; t
′)ρrel(x
N ; t′)
=
∂α
∂~rα
·Dq(~r, ~r
′; t, t′) ·
∂α
∂~r
′α
is the generalized transport kernel (memory function), in which the averaging is performed
with the distribution function (15).
7
As a result, we get the non-Markovian diffusion equation with fractional derivatives
∂
∂t
〈nˆ(~r)〉tα =
∂α
∂~rα
·
∫
dµα(~r
′)
∫ t
−∞
eε(t
′
−t)Dq(~r, ~r
′; t, t′) ·
∂α
∂~r
′α
βν∗(~r′; t′)dt′, (20)
where
Dq(~r, ~r
′; t, t′) = 〈~ˆv(~r)T (t, t′)~ˆv(~r′)〉tα,rel
= Iˆα(1, . . . , N)Tˆ (1, . . . , N)
× ~ˆv(~r)T (t, t′)~ˆv~(r′)
1
ZR(t)
(
1−
q − 1
q
β
(
H −
∫
dµα(~r)ν
∗(~r; t)nˆ(~r)
)) 1
q−1
(21)
is the generalized diffusion coefficient within the Renyi statistics, in which the averaging
is performed with the distribution function (15), where ~ˆv(~r) =
∑N
j=1 ~vjδ(~r − ~rj) is the mi-
croscopic particle number flux density. At q = 1 the generalized diffusion equation within
the Renyi statistics goes over to one within the Gibbs statistics with fractional derivatives.
If q = 1 and α = 1, we get the generalized diffusion equation within the Gibbs statis-
tics [68]. In the Markov approximation for the general diffusion coefficient in time and space
Dq(~r, ~r
′; t, t′) ≈ Dqδ(t − t
′)δ(~r − ~r′), after exclusion the parameter ν∗(~r′; t′) by using the
self-consistency condition, from Eq. (20) we obtain the diffusion equation with fractional
derivatives
∂
∂t
〈nˆ(~r)〉tα = Dq
∂2α
∂r2α
〈nˆ(~r)〉tα . (22)
IV. CONCLUSION
By using the Zubarev nonequilibrium statistical operator [68–71], the Liouville equation
with fractional derivatives [22, 23, 52, 53], and the principle of maximum entropy, we obtain
the generalized (non-Markovian) diffusion equation with fractional derivatives. By using
this approach, the generalized transfer equation with fractional derivatives can be obtained
at some set of parameters of the reduced description 〈Pˆn(x)〉
t
alpha of nonequilibrium state
of the system In particular, if these parameters are nonequilibrium average values of par-
ticle density, momentum and energy, we obtain generalized hydrodynamic equations with
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fractional derivatives, which are generalization of Tarasov’s results [57].
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